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Natural Modes of Oscillation of Rotating Flexible Structures
about Nontrivial Equilibrium

Leonard Meirovitch* and Jer-Nan Juangf
Virginia Polytechnic Institute and State University, Blacksburg, Va.

This paper is concerned with the vibrational characteristics of rotating flexible structures in the neighborhood
of steady rotation. It is assumed that the structure undergoes deformations during the steady rotation, so that
the equilibrium is nontrivial. The object of the paper is to formulate the eigenvalue problem associated with
small oscillations of the structure about the nontrivial equilibrium and to develop efficient methods te compute
the system natural frequencies and modal vectors. A numerical example showing the procedure for the

calculation of spacecraft modes is presented.

Nomenclature
abc = orbital axes
Xyz =spacecraft body axes
6;(1) =angular displacements
v (x;,0),w; (x;, 1) =c¢lastic displacements
L(t) =Lagrangian functional
E, (x;, 1) = Lagrangian density function
To1sT11, Ty =kinetic energy components
v = potential energy

=admissible functions

]
?; (X,')ﬂ//j (x;)

fq(t)} = n-dimensional configuration vec-
tor

[m] =n X n inertia matrix

[g] =1 X n gyroscopic matrix

[k] =n x n stiffness matrix

tx(1)} =2n-dimensional state vector

[ =2nx2n matrix defined by Eqgs.
23)

[G] =2nx2n matrix defined by Eqgs.
(23)

@, =natural frequency of spacecraft

), {z} =natural modal vectors of
spacecraft

[K],[K"] =2n x 2n matrices defined by Eqgs.
(27) and (30), respectively

Ay, By, Cy =moments of inertia of rigid hub
about x,y,z, respectively

Di =mass density of rod i

m; =tip mass of rod i

[ v =length of rod /

El,,EIl = flexural stiffnesses of rod /

hx,-’,hy,-, h; =distances from mass center to

point of attachment of rod i
Q =gpacecraft spin velocity and or-
bital velocity
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I. Introduction

Aproblcm of current interest is the dynamic behavior
of flexible spacecraft rotating in space. In particular, the
interest lies in the natural modes of oscillation of the complete
vehicle, where natural modes are to be interpreted as in-
cluding both the system natural frequencies and mode shapes.
The concept of a modal vector that includes both the angular
perturbations relative to a uniformly rotating frame and the
elastic displacements relative to a given set of body axes is
relatively new. References 1 and 2 introduced the concept and
applied it to the development of a modal analysis for rotating
structures.

In many cases, the oscillation takes place about an
equilibrium in which the structure is deformed and the
angular coordinates are different from zero; we shall refer to
such equilibrium as nontrivial. Although this problem can be
very important, it has received very little attention. Yet
omission of this effect can lead to grossly erroneous results,
particularly when the nontrivial equilibrium consists of large
displacements. To illustrate the idea, let us consider an L-
shaped bar fixed at one end and free at the other end and spin-
ning uniformly with the angular velocity @ about an axis
through the fixed end. For simplicity, let us assume that the
bar segment with the fixed end is normal to the spin axis and
the segment with the free end is parallel to the spin axis. The
centrifugal forces will cause the bar to undergo deformations
proportional to Q2. The deformation pattern depends on
space but not on time and it represents the state of nontrivial
equilibrium. For large © or small bending stiffness, the
equilibrium problem may require the solution of nonlinear
differential equations. If the system is perturbed slightly and
the equilibrium is stable, then the system will undergo small
oscillations about the nontrivial deformed equilibrium and
not about the trivial undeformed configuration. Note that the
undeformed configuration is not an equilibrium state for this
rotating system. This leads to a very important conclusion,
namely, that the system can undergo large total displacements
but the oscillations can remain small. It is easy to recognize
that serious errors can occur if the total displacements are
mistaken for oscillations, particularly for large nontrivial
equilibrium.

Problems involving nontrivial equilibrium can arise in the
case of gravity-gradient of spin-stabilized spacecraft with very
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flexible appendages that are not aligned with the spacecraft
principal axes. Addressing himself to this problem, Flatley?
obtained the nonlinear nontrivial equilibrium configuration
of the Radio Astronomy Explorer (RAE) statellite by means
of an analog computer. In deriving stability criteria for the
RAE/B satellite, Meirovitch* obtained the nonlinear de-
formed equilibrium as a by-product, thus confirming the
results of Ref. 3. Also inspired by the RAE satellite, Newton
and Farrell’ presented a method for the evaluation of the
natural frequencies of a flexible gravity-gradient stabilized
satellite oscillating about the deformed equilibrium. As
generalized coordinates. Ref. 5 considered complete defor-
mation patterns and angular displacements of the satellite.
This approach tends to limit the number of degrees of
freedom of the simulation. Moreover, one must guess in ad-
vance configuration patterns, which may not be possible for
complicated structures. Hence, a more general approach is
desirable.

This paper is concerned with the formulation of the eigen-
value problem for oscillation about nontrivial equilibrium,
and with the development of efficient methods for the
solution of the eigenvalue problem for high-order systems.
The rroblem can be divided into four parts: a) derivaton of
the nontrivial equilibrium; b) derivation of the variational
equations of motion; ¢) system discretization and derivation
of the eigenvalue problem; d) solution of the eigenvalue
problem. The paper concentirates on the last three aspects of
the problem. The derivation of the nontrivial equilibrium was
presented in Ref. 4. It should be pointed out that, for modal
analysis, one must have at his dispcsal not only the eigen-
values but also the eigenvectors of the system.

As an lusttion,the eigenvalue problem for a 30 x 30 matrix
is solved. The mathematical model represents a 15 degree-of-
freedom simulation of the RAE/B satellite.

II. Problem Formulation

We shall be concerned with the dynamic characteristics of a
spacecraft consisting of a main rigid body with n flexible ap-
pendages. The appendages can be regarded as one-
dimensional continua and, in addition to their own
distributed mass, they possess concentrated masses at their
tips. The mass center of the spacecraft is assumed to moveina
circular orbit about a center of force fixed in an inertial space.
Then denoting by abc a system of orital axes and identifying a
system xyz with the body in undeformed state, the motion of
axes xyz relative to axes abc can be described by three
rotations 0;(t) (j=1, 2, 3). Moreover, denoting by x; (i=
1,2,...,n) the spatial variables associated with a typical elastic
domaln and by v;(x;,{) and w;(x;,?) the flexural displacements
along the orthogonal axes y; and z;, respectively, we can write
the Lagrangian in the general functional form*

n

L=+ 5 || s +Lieo W
i=]
where
Lo(0) =Lol,(0),0;(n] j=123 (a)

L (x,0) zii[ej(t))éj(t)xvi(xi;t):

vi(xb t)avil(xi) t),U,”(x,,[),W, (xi)t))"-)\ W,'”(X,’, t)]
i=1,2,...,n (2b)

Li(ei:t) =Li[ej(t)10.j(t)’vi ([i)t),vi(gi:t))wi({i’t)xwi(gi:t)]

in which L, is the Lagrangian corresponding to the system in
undeformed state, L; the Lagrangian density associated with
any point of the elastic member i, and L; the Lagrangian
corresponding to the tip mass at x; =¢;, where ¢; represents the
length of the member i. Note that dots designate dif-
ferentiations with respect to the time ¢ and primes designate
differentiations with respect to the spatial coordinate x;.
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1. Nontrivial Equilibrium

Equations (1) and (2) can be used in conjunction with
Hamilton’s principle to derive Lagrange’s equations of
motion about the trivial solution, namely, the solution for
which all the rotational and elastic displacements and
velocities are zero. These equations, however, are not very
suitable when the system admits a nontrivial solution as an
equilibrium state, where a nontrivial equilibrium is defined as
a set of variables 8;,v;,w; constant in time and satisfying
Lagrange’s equations. Indeed, it is shown in Ref. 6 that the
nontrivial equilibrium is a solution of the equations

aL

:0 .21,2,3 )
o ; 3)
and
N ~ 2 y
o o EI el B EUNSEY
an aX,' an’ 8X,2 Bvi,,
i=1,2,..,n (42)
I aL. aL; 2
‘:a i 9 ‘ ’ ‘+ ”]501':0,(314/31):'”)5”;:0
oo ox L 1T G,
atx,-=é’,~
i=1,2,...,n (4b)

—[EL—"—L[ Hau_o —(3L,/3v16v{=0
v/ ax; av”
atx; =0

as well as a set of equations similar to Eq. (4) for w;. We shall
denote the solutions of Eqgs. (3) and (4), together with the set
of equations for w;, by 5, vy (x;), wi(x;), where the first
are constant and the latter are functions of the spatial
variables alone.

1V. Perturbations about Equilibrium: Variational
Equations of Motion

The interest lies in the oscillatory characteristics of the
system about the nontrivial solution 65, vy (x;), wip (x;). In
particular, we wish to calculate the natural frequencies and
the natural modes of oscillation of the entire spacecraft about
the nontrivial equilibrium. To this end, we must first obtain
Lagrange’s equations of motion for small oscillations about
that equilibrium. Denoting these oscillations by 8;(¢),
vy(x;,t), wy(x;t) wecan writé

0;(1) =0,0+0, (1) J=12,3 (5a)

Vi (x,t)  =vp(x) Ty (X1

wi(x;, 1) =wi(x;) + wy(xp,t) i=12,...,n (5b)

Inserting Egs. (5) into Eq. (1), expanding a Taylor’s series
about 0, v, (x;), wy(v;), and discarding constant terms as
well as terms of order higher than two in the perturbations 6;,,
v;;, w;; and their time derivatives, we can write the perturbed
Lagrangian in the form

L=T;+T+Ty—-V, 6
where
33
Ty=Y E E 60 0/1 6k1
j=1 k=] j0 k0
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is free of generalized velocities.
In view of the above, the perturbed Lagrangian can be writ-
ten in the general functional form

L=L(0;,,6,1,0,0cwi,wiy), j=1,2,3; i=12,...n
(10)
Consequently, using Hamilton’s principle, the variational

equations can be written in the form of Lagrange’s equations
for the rotational motion

(8L/86;,) — (d/dr) (3L/38;,) =0 j=1,2,3 an

as well as the equations for the elastic motion

oL, i[ ar, ] 3 [ aL; ]
anI ot 311',1 ax,- av”
82 oL, -
a? L o ]:0’ O0<x;<t, i=12..n (122)
where v}, is subject to the boundary conditions
[ ar; ] [ aL; ]
av,-} ax,- an'II
aL; ]
g oo
vy, at
atx,v‘-‘-(,-
OB g0 i=12,.m (12b)
v
_[ oL,  _ 9 \ oL, ]J(SU,;—O
vy ax; v
atx,; =
»
_ L ovi; =0
vy

Equations similar in structure to Egs. (12) can be written for
w;; by simply replacing v; by w;. It is perhaps worth
reiterating that the above variational equations posses trivial
equilibrium. Comparing Eqgs. (11) and (12) with the ordinary
Lagrange equations, Egs. (35) and (36) of Ref. 6, we conclude
that the variational equations have the same form as the or-
dinary Lagrange equations, but with the subscripts j and /
replaced by jI and i/. Hence the problem has been reduced to
that of small oscillations about the trivial equilibrium of a
structure having a new configuration, namely, the deformed
configuration.

V. Discretization by Assumed-Modes Method

The variational equations discussed in the preceding section
constitute a set of hybrid differential equations, in the sense
that the equations for the rotational motion are ordinary dif-
ferential equations and those for the elastic displacements are
partial differential equations, where the latter are subject to
given boundary conditions. It will prove convenient to trans-
form the system into one consisting of ordinary differential
equations alone. This can be done by using a discretization
procedure based on the assumed-modes method (see Ref. 7,
Sec. 6-5). Indeed, let us introduce the notation

0,(t)=q;(D), j=123 (13a)
p+3
vy (xnt)= Yy b (x)g; (1)
j=4
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2p+3

wi (X,0) = E ¥ (x1)q; (1)
j=p+4
3p+3

vy ()= 2o by (0;)q;(0)
Jj=2p+4
4p+3

wa G = 2 () (D) (13b)
Jj=3p+4
(2n—I)p+3

Un](xn)t)z ¢j(xn)qj(t)
j=2(n—1)p+4
2np+3

Wy (Xp,8) = ¥i(x,)q; (1)

j=0@2n~1Np+4

where ¢, (x;) and ¥, (x;) are admissible functions, taken as
the eigenfunctions of the fixed-base member. With this
notation, Eq. (7) can be written in the matrix form

Ty =Y%{g(1)}TIm]{g(t)} 14

where [m] is a constant symmetric matrix. On the other
hand, Eq. (8) leads to the matrix form

T ={qg®)3Tf1{q(0)} 15)

where [f] is a constant square matr1x Moreover, from Eq.
(9), we can write

Toy—V,=-Y{q®)}T[k1{q(t)} (16)
where [k] is a constant symmetric matrix. The elements of
[m]1, [f], and [k] are given in the Appendix.

Introducing Egs. (14-16) into Eq. (6), we can write the
Lagrangian in the matrix form

L=":{q}"Iml{q} +{q}Tf1{g} - 2{q} " [k]{q} amn

Using the approach of Ref. 7 (see Sec. 3-4), we can write
Lagrange’s equations in the matrix form

(d/dr) {8L/3q} —{aL/3gq} =0} (18)

Hence inserting Eq. (17) into Eq. (18), we obtain the
equations of motion
Im1{g}+ ([f1T= [ {g} + [kl {g} =10} (19

so that, introducing the notation

el =11T- /] (20
where [g] is a skew symmetric rhatrix, [g]1T=—[g], we ob-
tain

(m]{g}+1gllg}+klig}={0} 2n

where [m] is identified as the inertia matrix, [g] is a
‘“‘gyroscopic’” matrix, and [k] is a stiffness matrix which in-
cludes terms due to elastic, gravitational, and centrifugal ef-
fects.

VI. Natural Frequencies of the Complete Structure

The Liapunov direct method provides qualitative in-
formation concerning the stability or lack of stability of an
equilibrium configuration. On the other hand, the variational
equations (21) yield results of a more quantitative nature. In-
deed, the associated eigenvalue problem yields the system
natural frequencies and the normal modes for the complete
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structure, where the latter are defined later. It turns out that
Egs. (21) lead to an eigenvalue problem of a special nature.
The nature of the eigenvalue problem can be conveniently
discussed by converting the set of equations from second or-
der to first order. Indeed, if the configuration vector {g(¢) }is
of dimension N, then we can introduce the 2N-dimensional
state vector {x(#) } in the form

{tqa(n} }

x(n}= { 22

No confusion should arise from denoting the state vector by
{x(1)}, because the symbol x; used to denote the position of a
point in the elastic members represents a spatial coordinate in-
dependent of time and not a time-dependent generalized coor-
linate. Accordingly, if we introduce the 2N X 2N matrices

(
---------- @3)

then the set of N equations (21) can be transformed into a set
of 2N first-order equations having the matrix form

U {x(0) )+ [Gltx(0)} =0} @4

where [I] is symmetric and [G] is skew symmetric, [I] =
[Ii7, [G] —[G]17, because [m] and [k] are symmetric
and [g] is skew symmetric.

The matrix equation (24) is of the special form treated in
Ref. 1, so that the eigenvalue problem can be solved by the
method developed there. Hence, letting {x(r)}=e"{x},
where A and {x} are constant, we obtain the eigenvalue
problem

MIT{x} +[Gl{x}={0} 25)

It is shown in Ref. 1 that the solution of the eigenvalue
problem (25) consists of 2N eigenvalues A, and eigenvectors
{x}, (r=1,2,...,2N), where the eigenvalues consist of pairs of
pure imaginary complex conjugates, A, = +iw,, and the eigen-
vectors also consist of pairs of associated complex conjugates
{x}, and (X}, (r=1,2,...,N). Moreover, the eigenvectors are
orthogonal in a certain sense. Reference 1 develops a method
whereby the eigenvalue problem can be solved in terms of real
quantities alone. The method is summarized in Sec. VII.

VII. A Method for the Solution of the
Eigenvalue Problem

In solving the eigenvalue problem, Eq. (25), it is desirable
to work with real quantities instead of complex quantities.
Reference 1 develops a method of solution addressing itself to
this very problem. We shall not repeat here the derivation
details, but summarize instead the main features.

Assuming the solution A\, =iw,, {x},={y},+i{z},, where
{v}], and {z}, are the real and imaginary parts of the eigen-
vector, respectively, and separating the real and imaginary

parts of the resulting equation, we obtain two algebraic
equations that can be reduced to

[K1{z}, r=12,...,N
(26)

WZ[I{y}, =K1y}, o7 l1{z},=

where
[K1=[GIT1~"{Gl1=IK1" 27
is a real symmetric matrix. From Egs. (26), we conclude that

the eigenvalue problem defined by [I] and [K] yields both
the real part {y}, and the imaginary part {z}, of the eigen-
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vector {x}, (r=1,2,...,n). We shall refer to the problem (26)
as being in standard form. Because the problem (26) is of or-
der 2N it must possess 2N solutions. They consist of N pairs
of repeated eigenvalues «? and n pairs of associated eigen-
vectors {y}, and {z}, (r=1,2,...,N). The eigenvectors {y},
and {z}, possess various properties that are not only in-
teresting but also essential to various computational methods.
The most important one is the orthogonality property, with
the implied independence of the eigenvectors (Ref. 1).

Under certain circumstances, the eigenvalue problem, Egs.
(26), can be reduced to a more simple standard form, namely,
a problem defined by a single symmetric matrix. Indeed, if
[I1 is positive definite, we can introduce the linear trans-
formations
Wi, =", (2,=U1""{z'}, r=12,..,n (28)
into Eqgs. (26), multiply the resulting equations on the left by
[I1~", and obtain

Wy 3=1K 1y, oz ), =K1z},

r=12,...n (29)

where

[K']=[1]""[K][I]~ (30)
is a real symmetric matrix. Clearly the transformations (28)
are possible only if [J/] ~" exists, which is ensured if [/]
is positive definite. Whereas Eqgs. (29) vield the actual eigen-
values, the actual eigenvectors are obtained by inserting
{y'},and {z’}, back into transformations (28).

Introducing Eqgs. (23) into Eq. (27), and recognizing that
the multiplication of partitioned matrices and the inversion of
block-diagonal matrices can be carried out as if the sub-
matrices were single elements (provided the relative position
of the elements is preserved), we can write

[k]_[ [g]T’—[k]}[[m]"l [0 ]( [g] [k}
(k] & 0] (01 Lk}’ —[k] 1 [0]

) [m]= | (0] (g17[m]~"[g]+[k] |
= T
[ LAITIALH BT
_P‘Eiﬁ_{}ii 777777
where
[A]=1m] "lgllm]~ Bl =1k}"1m] " (33)

Note that, to produce the matrix [K'], it is only necessary to
obtain [m] ~" and [k]”. This involves solving the eigen-
value problems associated with [m] and [k], respectively.

A large variety of algorithms for the solution of the eigen-
value problem associated with a real symmetric matrix can be
found in many texts on numerical analysis, such as that by
Ralston® and that by Wilkinson.® Useful algorithms include
the power method, "Jacobi’s method, Given’s method,
Householder’s method, the QR algorithm, and inverse
iteration. The experience of these authors with Jacobi’s
method indicates that, in practice, the existence of very close
and multiple eigenvalues affects the number of iterations
required to reduce the off-diagonal elements below a
prescribed level to a lesser extent than one might expect. For
example, in the case of matrices of order up to 50 and for
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word lengths of 32 to 48 binary digits, the total number of
sweeps has averaged about 5 to 6, and the number of
iterations required on matrices having multiple eigenvalues
has often proved to be somewhat lower than the average.
Moreover, even when the matrix has some pathologically
close cigenvalues, the corresponding eigenvectors are almost
exactly orthogonal. It is evident that they span the correct
subspace and give full digital information. This is, perhaps,
the most satisfactory feature of Jacobi’s method. Moreover,
the extreme simplicity of this method from the programing
point of view makes it very desirable. The results presented in
Sec. VIII were obtained by this method. It should be stressed,
however, that the solution of the eigenvalue problem for
1K'] is not restricted in any way to Jacobi’s method and, in-
deed, it can be obtained by any other method, such as one of
those listed above, or a combination thereof.

VIIL  Illustrative Example: The RAE/B Satellite

The general theory developed has been used to calculate the
natural frequencies and natural modes of oscillation about
nontrivial equilibrium of the RAE/B satellite. The satellite,
shown in Fig. 1, consists of a rigid hub with two pairs of can-
tilevered radial booms (numbered 1, 2, 3, 4) possessing tip
masses, and one pair of cantilevered damper boomsI (num-
bered 5, 6). The spacecraft is gravity-gradient stabilized. The
analysis consists of: a) the determination of the nontrivial
equilibrium, b) the calculation of the matrix coefficient m;,
g;» and k;;, and c) the solution of the eigenvalue problem. Ex-
plicit expressions for the nontrivial equilibrium and the per-
turbed Lagrangian for the RAE/B satellite have been derived
in Ref. 6, so they will be omitted here for brevity. The
parameters used are as follows
C, =18 slug ft,?

A,=87.74slugft,> B,=283.74slug ft,2

01 =02 =p3=ps =4.348 x 10 slug ft"!

(32)

05 =pg =4.596 x 10 slug ft-!

m;=m,=mz=m,=2.40x103slug, m;=m;=0
=0=0,=0,=7501t, t;=0=315ft
El,=EI,=El,=...=El,=152781bft,> «=30°
Els=FEl;=El;=FEl;=13.8891bft,> B=25°
By=hy=0.973ft hy=hy=0878ft hy=h,=0

hy=—h,=0.705ft, h,= —h,;=—0.760 ft,

INote that the damper booms in the actual RAE/B satellite are sup-
ported by torsional springs instead of being cantilevered. The dif-
ference in the system frequencies for the two slightly different
mathematical models should not be significant. It should also be
noted that Ref. 5 assumes that the damper booms are rigid. This per-

mits a 12-degree-of-freedom simulation.
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C.F. ROTATIONAL COORDINATES

Fig.2 Satellite first mode.

w,= ~0360060 x 107 RAD/SEC

CF ROTATIONAL COORDINATES

Fig.3 Satellite second mode.
hys =h,s= —1.800 ft
hy=hy=hyg=hy=h;s=hs=0
2=4.653 x 10 rad sec"!

A. Nontrivial Equilibrium

To evaluate the elastic displacements vyw;) and wi(x;)
(i=1,2,...,6) we assume the solution of Egs. (3) and (4) in the
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7 P
Vig(x;) = E a,0,(x;)  Wolx)= 2 b, (x;)
r=1 r=1
i=1,2,....,n 34)

where
¢, (x;)=A,[(cos B, +cosh 8,6) (sin B,x; —sinh §,x;)
—(sin 3,4 +sinh §,£) (cos 3,x; —cosh 8,x;)1 33

are eigenfunctions corresponding to a bar in bending with the
end x; =0 fixed and having a mass m; attached at the end
x;=1¢;. The eigenvalues 3,¢; are solutions of the characteristic
equation

(I+cos B, fcosh B,6) = B4 (m;/ p;6; ) (sin B,4; cosh 3,¢;
—cosB,4sinh B3,¢;) 36)
Moreoﬂzer, the amplitudes 4, are such that the eigenfunctions

¢,(x;) are orthonormal, i.e., they satisfy the relation

4
[ ot G)oc )+ mig ()6, ) =05 (D)

where §,, is the Kronecker delta. Limiting the series in Egs.
(34) to two terms, p=2, the first two roots of Eq. (36) and the
amplitudes A4, corresponding toi=1, 2, 3, 4 are

8,6,=1.86154 A, =0.425880 slug™”

B8 =4.66095 A,=0.033648 slug™*
The first two roots of Eq. (36) with m; =0, and the amplitudes
A; and A4, corresponding toi=35, 6 are

8,6=1.87511 A, =0.63510slug™”

B2, =4.69414 A, =0.04899 slug™*
By using the technique developed in Ref. 6, we obtain the
final results given in Table 1.

It will prove of interest to list the elastic displacements of
the end points. These displacements are

vio(f) =—140.95ft wll) = 1.8990ft
vo(h) = 140.92ft wy(l) = 1.8993ft
() =—140.92 ft wi(l) =—1.8992ft
vol(l,) = 140.95ft W (fy) =—1.8990 ft
vsp(ls) = —0.048677 ft wso(ls) = 0.86067 ft
Ve (ls) = —0.048669 ft wells) = 0.86067 ft

B. Calculation of the Matrix Coefficients

Using Eqs. (A1)-(A19) and Eq. (20), in conjunction with the
above data, we obtain the elements of the matrices [m],
[gl, and [k]. Lack of space prevents listing the matrix
elements. Then, using Eq. (32), we obtain the matrix [K'].
The elastic displacements, measured from equilibrium, were
represented by only one admissible function each, resulting in
two degrees of freedom per boom. Experience has shown that
the addition of another admissible function yields only a
small change in the system natural frequencies.

C. Solution of the Eigenvalue Problem

Solving the eigenvalue problem associated with [K’] by
Jacobi’s method, we obtain the natural frequencies squared
given in Table 2.
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Table 1 Constants defining nontrivial equilibrium

0,0 =1.40868 x 10" rad =8.07115°

By0 = —3.42313x 108 rad = — 1.96131 x 10¢°

030 =1.34899 x 10°6rad =7.72913 x 107 °
i aj a5 by by
1 —0.41093 x 102 —0.30339 0.55781 0.838534 x 102
2 0.41086 x 102 0.30324 0.55789 0.838537 x 1072
3 —0.41085 x 10? —0.30324 —0.55788 —0.8 8536 x 1072
4 0.41093 x 102 0.30339 —0.55781 —0.838534 %1072
5 —0.93895 x 102 —0.12895 %1073 0.16439 0.65280x 107
6 —0.93881 x 1072 —0.12894 x 103 0.16439 0.65280x 1073

Table 2 Natural frequencies squared

i wfx 106 i @i X 10°
1 1.29648 x 107! 2 1.29648 x 107!
3 4.57848 x 107! 4 4.57848x 107!
5 8.02608 x 107! 3 8.02608 x 10°!
7 1.44713 8  1.44713
9  1.44713 10 1.44713
11 1.46268 12 1.46268
13 1.94639 14 1.94639
15 2.00414 16 2.00414
17 2.14185 18 2.14185
19 2.14185 20 2.14185
2] 1.34030% 10 22 1.34030x 10
23 2.4113x10 24 2.41134%10
25 3.68120x10 26 3.68120x 10
27 3.77371x 10 28 3.77371x10
29 1.25320 x 102 30 1.25230 % 102

The modal vectors have also been obtained, but lack of
space does not permit their listing. As a matter of interest,
however, the first two modes are plotted in Figs. 2 and 3.
Because these two modes correspond to the same eigenvalue
w?, any linear combination of the two modes is also a mode
(see Ref. 1). This fact can be used at times to simplify the vec-
tors.

IX. Conclusions

This paper presents a method for the determination of the
natural frequencies and mode shapes of rotating structures
oscillating about nontrivial equilibrium. The formulation of
the eigenvalue problem involves the derivation of the
variational equations about the nontrivial equilibrium and the
discretization of these equations. The linearized discrete
system is defined by two symmetric matrices and one skew
symmetric matrix. Hence, it belongs to the class of linear
gyroscopic systems. Using a technique developed by
Meirovitch! the eigenvalue problem is transformed into one
defined by a single real symmetric matrix, the solution of
which can be obtained by a large variety of algorithms. The
approach is suitable for the solution of high-order systems.

As an illustration, the problem associated with a 15-degree-
of-freedom system is solved. Both natural frequencies and
modal vectors for the complete structure are obtained. The
mathematical model simulates the RAE/B satellite, a gravity-
gradient stabilized flexible spacecraft.

Appendix

The elements of the matrices [m], [f], and [k] are as
follows ‘

m,k=aZL/aéjoaék0 k=123 (AD)

_[ L
= Yo aéjoaﬁio
j=1,23:k=2(i—1)p+4, 2(i—Dp+35,...,

¢>A(X)dx+{a@ dn(X)J

/()avzo NP

i-1)p+3

i=1,2,...,n (A2)

PN

i 9L
=

. m Vi (x;) dx; ) dx;

.
* L a6 ,,aw,o Vi (x1) xi=g

J=123 k=Q2i—l)p+4, 2i-D)p+35,...,
i=12,...,n

I aZ
mjkzgo a
aZ

a Uio

2ip+3

(A3)

¢,(x)¢k(x)dx

¢,(x,)¢k(X)]

Jk=2(i~Dp+42(—Dp+3,.,Q2i=Dp+3;i=12,...,n

(A4)

St’i 3°L;
m = —
g 0 3UdWig

[ 811,08

Jj=2(—-Dp+42(i—1)p+5,..

& {x; Yy (x; ) dx;

()9 () 1

xi={

. 2i-1)p+3
=2i—-1p+4, (2i—1), p+5,....2ip+3

i=1,2,...,n (AS)

4

= SO S Wi ax

3°L;
+ IZBT,(Z) ¥ (6 ) i () ]x,‘:&

Lk=Q2i—Dp+4, Qi—Dp+5,...2p+3i=12,...,

T (A6)

3’L
= - k=123 A7
T= 55 30" (A7)

i YL,
5=, G 00 o s, 00 |

Jj=1,23; k=2(i—1)p+4, 2(i—Dp+35,..., (2i—Dp+3

i=1,2,..,n (A3)
o
1=, G eGd + e T W |

j=1,2,3; k=Q2i—1)p+4, (2i—1)p+35,..., 2ip+3
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i=1,2,..,n (A9)

6 §°L, 3L,
=\ —— ¢;(x;)dx; [—— - (X _J
T S" 09,000 %00 M 36,900 @ (x:) xi=t

Jj=2(i~)p+4, 2(i—-Dp+5,..., Qi—-1)p+3
i=12,...,n k=123 (A10)
i 9L
p= | ey (x)d +[ , ]
Jie= SO aekoawlo vy () dx, aakoawzo v )
J=Qi=1)p+4, 2i—1)p+5,..., 2ip+3
i=12,..,n; k=1,2,3 (A11)
i ¥L,
fjk"So m &5 () ¥y (x; )dx
[———“av,oa e g |
J=2(i—=1)p+4, 2(i—1)p+35,..., Qi—-p+3
k=Q2i-1)p+4, (2i—1) p+5,....,2ip+3
i=1,2,...,n (A12)
v 9L,
= _ dx;
fjk SO al),ga 0 qbk(xl)\bj(x}

3°L,;
+ [m S (x5 (x;) ]x,‘:il

=2i—p+4,2i—1)p+5,..., 2ip+3,
k=2(i—=1)p+4, 2(i—1)p+5,..., Qi—1)p+3
i=1,2,...,n (A13)
8°L i
k== ——F— jk=123 (A14)
36,69050

[ = oa — 9ulx) 1

j=1,2,3; k=2(i—1)p+4, 2(i—1)p+5,..., Qi—D)p+3

i 9L
= il dx; —
k/k SO aejoavlo & (x;)

i=12,...,n (A15)

X Si’i aZL

o g #0 L

ik 0 30,08wip S vela) aooa , et

j=1,23; k=Q2i—~1)p+4, (2i—1)p+5,..., 2ip+3

i=1,2,...,n (A16)
i 9L,

k=11 i 9 90 8 ()

aZ A_ 27
ol (x) B (X)) +
oy YD G

+ &/ (x;) i (x;)
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3°L
3Umavw
L,
a 10
Lhk=2({(—1)p+4, 2(i—1)p+35,..

i=1,2,..,n (A17)

x o () 0f (x ) #4708 (x) |}ax,

8, (x1) bk (x1) ]

L (2i—=1)p+3

Py

u 9%L;
P O
0 avlgaW

& (X )y (x;)dx;

— e PLi 4y 1.
V0w, i « ()

J=2(i~1Dp+3 k=2i—1)p+4, 2i—1)p+5,....2ip+3

i=1,2,..,n (A18)

[ aZ
kjk:'—g [ ¢(x)¢A(X)+ ,2 ‘///(x)‘h(x)

<0

oL, A L
F(X; ¢ (X; —_—
awpg T W oW

X[/ O) () + 9 W () ] }dx{
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